Two-dimensional electron gas (2DEG) confined in quantum wells at insulating oxide interfaces [1] have attracted much attention as their electronic properties display a rich physics with various electronics orders such as superconductivity [2] [3] [4] and magnetism [5] [6] [7] . A particularly exciting features of these hetero-structures lies in the possibility to control their electronic properties by electrostatic gating [8, 9] , opening up new opportunities for the development of oxide based electronics [10] [11] [12] [13] . However, unexplained gating hysteresis and time relaxation of the 2DEG resistivity have been reported in some bias range, raising the question of the precise role of the gate voltage. Here we show that in LaTiO 3 /SrTiO 3 and LaAlO 3 /SrTiO 3 heterostructures, above a filling threshold, electrons irreversibly escape out of the well. This mechanism, which is directly responsible for the hysteresis and time relaxation, can be entirely described by a simple analytical model derived in this letter. Our results highlight the crucial role of the gate voltage both on the shape and the filling of the quantum well. They also demonstrate that it is possible to achieve a low-carrier density regime in a semiconductor limit, whereas the high-carrier density regime is intrinsically limited.
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In oxides hetero-structures such as LaTiO 3 /SrTiO 3 or LaAlO 3 /SrTiO 3 , the bending of the SrTiO 3 conduction band forms a quantum well at the interface where a 2DEG takes place. Figure 1a shows the numerical simulation of the conduction band profile and sub-bands filling obtained by solving self-consistently Schrödinger-Poisson equations [9, 14] . As opposed to semiconducting hetero-structures where the electrons fill only the bottom of the potential well, here, the Fermi energy is intrinsically located near the top of the well. This results from a peculiar situation where the bending of the conduction band is mostly determined by the electron spatial distribution itself. At low temperature, the extension of the gas is of order of 5 nm corresponding to approximatively 12 units cell of SrTiO 3 (figure 1) [15, 16] .
The 2DEG accommodates mainly two types of carriers : the majority low-mobility carriers (LMC) that fill the subbands deep in the well and the minority high-mobility carriers (HMC) located in the upper part of the well [9] . The presence of the two types of carriers is only observed below a temperature of approximately 70 K, which corresponds to the range where the dielectric constant (V, T ) of SrTiO 3 strongly increases when the temperature is lowered and becomes electric field dependent [9, 17] . The LMC are confined close to the interface where (V, T ) is strongly reduced by the electric field, whereas the HMC extend more in SrTiO 3 where (V, T ) tends to recover its buk value [9] .
We have studied LaTiO 3 figure 2a . The drastic fall of n Hall below ∼70 K corresponds to the separation of the 2DEG into two types of carriers, as revealed by the observation of a non-linear Hall effect at higher magnetic field (figure 2a inset). The total carrier density n Tot = n LMC + n HMC shown in figure   2a has been extracted from a two-carrier analysis of the Hall effect that considers carriers with different densities and mobilities (n LMC , µ LMC ) and (n HMC , µ HMC ) [9, 18] . In the high temperature regime n Tot = n Hall , whereas n Tot = n Hall in the low temperature regime (T<70K). The overall decrease of the carrier density from 300K to 4K is due to the trapping of electrons in the defects of SrTiO 3 .
After cooling the sample, the transport properties of the heterostructure are investigated when a positive voltage is applied for the first time on the gate, a situation referred as the first positive polarization. After a small decrease, the resistance of the 2DEG reaches a saturation value that no longer evolves with gate voltage (figure 2b). In a simple Drude picture, such behaviour would indicate that the carrier density remains constant, although, according to electrostatic laws, one expect electrons to be added to the 2DEG. This first polarization is irreversible, since, when the gate voltage is decreased from its maximum value V max G =200 V, the resistance curve deviates from the previous one. Similar behaviour has been mentioned in the literature [2, 19] . On the same figure, we also plot the evolution of the carrier densities n LMC , n HMC and n Tot =n LMC + n HMC with gate voltage, extracted from a two-carrier analysis of the high field Hall effect. The total number of carriers n Tot is found to be rather constant during the first polarization, which is consistent with the saturation of the resistance. The slight decreases of the LMC density is compensated by a slight increase of the HMC one. As already observed in the resistance curve, when the gate voltage is decreased, the total number of carrier does not follow the first polarisation curve. The evolution of the carriers mobilities µ LMC and µ HMC during the first positive polarisation is consistent with the previous observations (inset figure 2b) . Indeed, the mobility of LMC confined deep in the well is found to be rather constant. On the other hand, the mobility of HMC increases rapidly for positive gate voltage before saturating, indicating that the electron added fills the last sub-bands accessible before escaping from the well.
The irreversibility of the first positive polarisation has been investigated in more detail. After cooling down an un-gated sample to 4.2 K, its sheet resistance is measured as a function of gate voltage for different polarization procedures (figure 3b). As opposed to the previous measurements, the first polarisation is made towards negative voltage down to V min G =-200 V. The resistivity increases as expected when electrons are removed from the 2DEG, and no saturation is observed. As the voltage is brought back to V G =0 V, the resistance curve appears to be fully previously applied to the metallic gate. Beyond this value, the electrons escape irreversibly into the SrTiO 3 substrate and are lost for the 2DEG. In the literature, a first positive polarisation to the highest voltage value is often used prior to the other measurements to suppress the hysteresis effects [8, 9] .
The previous experiment raised the question of the escape mechanism of the electrons in the substrate. We , display a negative jump of the resistance, before it recovers slowly its original value (right inset figure 3b). At first approximation, this relaxation is logarithmic in time, of the form α + β log(t) (figure 3b). In this experiment, the speed of the initial jump in resistance is determined by the characteristic R G C time at which electrons are added to the 2DEG (Supplementary Material).
To analyse the relaxation in the irreversible regime we have developed a model that describes the dynamic of electrons escaping out the well. Details of the calculation are given in the Supplementary Material section. We model the quantum well of figure 1a as a 2D well with an infinite barrier on the LaTiO 3 side and a barrier of finite height E B on the SrTiO 3 side. The total number of electrons in the well right after a gate voltage step ∆V G is given by
where n 0 − is the number of electrons before the voltage step and C a is the capacitance per unit of area of the SrTiO 3 substrate. Assuming that the electrons at the Fermi level E F can thermally jump across the barrier of energy E B with a first order kinetics (figure 5a), the Drude resistivity in the relaxation regime is found to be (see Supplementary Material section)
where N (E F ) is the density of states at the Fermi level and
(µ is the electron mobility). The escape time t E that appears in equation (1) is given by
where E
0+
F is the Fermi energy after the voltage step and ν is a characteristic frequency. A systematic study of the dependence of the relaxation on the polarization parameters has been carried out to validate this model. In particular,
we measured the relaxation of the sheet resistance after a step ∆V G =+10V performed at different values of V G (figure 4a), and the relaxation of the sheet resistance for different steps values ∆V G =5, 10, 20, 40V (figure 4c). In both cases, the experimental data are in very good agreement with the theoretical expression (1) , confirming that the model catches the essential physics of the phenomena. The same agreement between experiment and theory is also observed for the LaAlO 3 /SrTiO 3 sample (supplementary figure 3) . To understand the dependence of t E with V G and ∆V G , we can simply express the logarithm of the escape time as
where γ and κ are constants whose expressions can be found in Supplementary Material. For a constant step ∆V G in the irreversible region, the variation of ln t E is consistent with the evolution of the capacitance C a with gate voltage that can be measured experimentally (figure 4b) [9] . The variation of ln t E with ∆V G is found to be linear for small ∆V G . For larger ∆V G , ∆R tends to saturate since when the Fermi level has reached the top of the conduction band, electrons are almost directly injected in the SrTiO 3 conduction band and spill into the substrate.
As already shown in the inset of figure 3b in the limit t t E , the expression (1) reduces to R(t) = α + β log t with
. We have verified experimentally that the parameter β increases linearly with temperature ( figure 5c ). This is a direct consequence of a thermally activated mechanism. We emphasise here that the electrons escaping in the conduction band of the SrTiO 3 substrate are attracted by the positive voltage of the back-gate electrode, but can not reach it. Indeed, the substrate being a thick wide gap insulator, the electron density is too small to create a metallic state. Therefore, electrons diffuse in the SrTiO 3 substrate until they get trapped in the defects of the crystal. Hence, these electrons do not contribute to electronic transport, but do play a role to maintain the polarisation between the two sides of the substrate. Insets) Normalised resistance measured as a function of time after a ∆VG = ± 10 V step in different points of the R(VG) curves labelled "A ", "B " , "C " , "D " and "E " in panel b). Curves "C " and "D " are fitted by a logarithmic relaxation of the form α + β log(t) (full black lines). . A buffered HF treatment followed by annealing, as described in Ref. [21] , was used to obtain the TiO 2 termination required to obtain the conducting electronic system at the interface. The KrF excimer (248 nm) laser ablates the single-crystalline LaAlO 3 target at 1 Hz, with a fluence between 0.6 and 1.2 J/cm 2 in an O 2 pressure of 2 × 10 −4 mbar. The substrate is typically kept at 730C
• during the growth, which is monitored in real-time by RHEED. As the growth occurs layer-by-layer, it allows us to control the thickness at the unit cell level. After the growth of the film, the sample is cooled down to 500C• in 10 −1 mbar of O 2 , where the oxygen pressure is increased up to 400 mbar. In order to reduce as much as possible the presence of oxygen vacancies (in both the substrate and the film), the sample stays in these conditions for 30 minutes before being cooled down to room temperature [22] . The substrate-target distance is about 57 mm, leading to a growth rate of about 0.2 A/s in the above conditions. In this study, we used 5 u.c. thick LAlO 3 layers on 0.5 mm thick SrTiO 3 substrates.
Characteristic charging time of the sample
The 2DEG carrier density at the interface can be electrostatically tuned by a metallic gate deposited at the back of the SrTiO 3 substrate. The heterostructure forms a capacitor, whose plates consist of the metallic gate on one side and the 2DEG on the other side, and whose dielectric material is the SrTiO 3 substrate. As shown by the scheme in Figure 6 , the heterostructure of capacitance C is placed in serial with an external resistor of resistance R G defining a simple RC circuit. Therefore, the change in the charge density of the 2DEG after a voltage step is not instantaneous, but reach it's final value with a time dependence exp(−t/τ ) where τ = R G C.
In a simple Drude model, the resistance of the 2DEG after a voltage step is expected to evolve with the same time dependence. Figure 6 show the resistance of the 2DEG as a function of time, upon applying a voltage step ∆V G = 10 V, for two different values of the external resistance. The blue curve corresponds to the short τ = R G C time (R G =100 kΩ) used for all the experiments reported in the main text. It shows a sharp decrease of resistivity, followed by the logarithmic relaxation discussed in the main text. On the other hand, the red curve corresponds to a longer τ = R G C time (R G =40 MΩ) and shows that the initial decrease of the resistance is much slower. However, the logarithmic relaxation remains basically unchanged. We thus see that in our experiment the τ = R G C time at which the electrons are added to the 2DEG do not interfere with the thermal leaking of electrons into the SrTiO 3 substrate. 
Thermal escape of electrons from the quantum well
We have built a model to account for the relaxation of resistivity in the irreversible regime based on the thermal escape of the electrons over the top of the conduction band profile at positive gate voltage. The band bending and sub-bands energies of the LaTiO 3 /SrTiO 3 interface in the irreversible regime are shown in Figure 7 as an illustration [9] . However, this model is very general and does not depend on the details of the well such as its shape.
We consider a 2D potential well with a finite barrier height E B and a finite number of parabolic sub-bands of
..,n L ). We assume that electrons at the Fermi level E F can thermally jump over the barrier with a first order kinetics :
where n is the density of electrons in the well and k is the kinetic factor. For thermally activated hoping the latter follows an Arrhénius law :
where the activation energy is ∆ = E B − E F , and ν is a characteristic frequency factor. Hence, considering that the density of state of a 2D sub-band is constant and that the Fermi level always stay above the highest sub-band level (the well is almost totally filled up), the equation on E F is :
which is equivalent to a problem with only one level
L /n L but with a density of state multiplied by n L . Considering low temperatures (k B T << E F − E L ), the variations of E F can be neglected in (E F − E L ) at first order, which gives the solution : where E
0+
F is the Fermi level at t=0+ (in our case : just after the voltage step) and t E is the characteristic escape time :
where
2 is the total density of state at the Fermi level. It follows that the Fermi level is constant for t < t E and then decreases logarithmically at longer time. Hence, the conductivity calculated from a simple Drude model with a constant mobility µ (small variation of n) is given by
The pre-factor of the logarithm is of the order of 10 11 cm −2 , which is sufficiently small compared to the density of electrons to allow for a first order approximation in the resistivity :
where R 0+ = (eµn 0+ ) −1 is the Drude resistivity just after the step. As shown in the main text, this time dependence of the resistance fits the experimental data with a very good accuracy, and the logarithm pre-factor shows experimentally the thermal activation of the process.
To analyse the experimental behaviour of the escape time t E with gate voltage, we now consider a positive gate voltage step ∆V G at t = 0. Starting from a density of electrons n 0− , the density after the step is :
where C a (V G ) is the capacitance per unit area of the sample. One assumption made here is that there is enough "space" in the well to receive all the added electrons at initial time (which is true for small ∆V G ). For small ∆V G , the variations of C a with V G can be neglected, such that the Fermi level rises up according to :
Hence, when replaced in equation (7), the variation of t E with C a and ∆V G is given by:
where γ = ln
As shown in figure 4 of the main text, the variations of ln(t E ) follow a linear dependence with both C a for V G 100 V (deep irreversible regime), and ∆V G (for values lower than 40 V) at V G = +200 V for instance. Figure 3 shows the resistivity saturation upon the first positive polarisation and the associated thermal escape of the electrons, which is well fitted by our model.
At lower temperature, the superconducting T c also saturates during the first positive polarisation (Fig. 9 ).
This is a further indication that indeed all the electronic properties of the 2DEG follow this behavior. This observation is also consistent with the fact that superconductivity is intimately related to High Mobility Carriers (HMC) which set at the edge of the quantum well [9] . Indeed, when the un-gated hetero-structure is cooled down, there are spontaneously HMC at the top of the quantum well that induces superconductivity in the 2DEG. During the electrostatic forming, HMC density is roughly constant (see main text Figure 2b ), and so is T c . : cool down with VG=0 (triangle), and warm up with VG=0 without low temperature polarisation (square), warm up with VG=0 after a sweep to VG=-100 V at low temperature (cross) and warm up with VG=0 after a sweep to VG=+200 V at low temperature (circle).
